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The gapless edge modes of the Quantum Spin Hall insulator form a helical liquid in which the
direction of motion along the edge is determined by the spin orientation of the electrons. In order
to probe the Luttinger liquid physics of these edge states and their interaction with a magnetic
(Kondo) impurity, we consider a setup where the helical liquid is tunnel-coupled to a semiconductor
quantum dot which is excited by optical absorption, thereby inducing an effective quantum quench
of the tunneling. At low energy, the absorption spectrum is dominated by a power-law singularity.
The corresponding exponent is directly related to the interaction strength (Luttinger parameter)
and can be computed exactly using boundary conformal field theory thanks to the unique nature of
the Quantum Spin Hall edge.
PACS numbers: 73.43.Nq, 71.10.Pm, 75.30.Hx, 05.70.Ln
Recent experiments on optical absorption of a quan-
tum dot coupled to a metallic reservoir offer a new win-
dow into the correlated electron state that underlies the
Kondo effect [1, 2]. The absorption of a single photon
can be treated as a sudden change of the Hamiltonian (a
“quench”): the exchange interaction between the dot and
reservoir is abruptly changed by the absorption. Over a
range of (shifted) photon energies between the observa-
tion temperature T and Kondo temperature TK , a power-
law in the absorption spectrum is observed. This power
law is a consequence of the Anderson orthogonality catas-
trophe [3]: the overlap between two metallic states differ-
ing by the presence or absence of a scattering potential
goes to zero algebraically in the number of electrons N .
It is natural to ask whether other kinds of metals that
also support Kondo effects can be probed with this type
of experiment, and what such an experiment would re-
veal.
The main goal of this Letter is to explain the optical
absorption of a few-electron quantum dot in the Kondo
regime when it is coupled to the helical metal of electrons
at the edge of a quantum spin Hall effect (QSHE) droplet.
The QSHE edge [4, 5] is a one-dimensional metal where
spin plays a fundamental role: as a result of spin-orbit
coupling, there is a single time-reversal-related “Kramers
pair” of low-energy propagating modes, which can be pic-
tured as a right-moving mode of electrons with spin up
along some axis and a left-moving mode with spin down.
This edge is robust to disorder and interactions as long as
the original symmetries of time-reversal and charge are
unbroken [6, 7]. When time-reversal is broken by a static
magnetic perturbation, the conductance goes to zero and
can be computed via integrability of point tunneling in
a Luttinger liquid [8]. The Anderson impurity problem,
which is our starting point, is more complex as the im-
purity is dynamical and time-reversal is preserved.
QSHE edges have been probed through transport on
(Hg,Cd)Te quantum wells [9, 10], InAs/GaSb quantum
wells [11], and (in the former material) through SQUID
imaging of the generated magnetic flux [12]. The Kondo
effect along the QSHE edge has previously been studied
theoretically for its effects on transport [13–15] (see also
e.g. [16–19] for other studies involving transport), where
it has little effect at least for a single impurity: the DC
conductance remains 2e2/h, just as in the absence of the
impurity. This might suggest that Kondo effects in the
QSHE are subtle and difficult to observe. To the con-
trary, the Kondo impurity’s effects on optical absorption
are much clearer than in transport: again a power-law is
observed in the absorption spectrum, but now the power-
law is determined by the interaction strength (Luttinger
parameter) along the edge because special properties of
the QSHE edge fix a scaling dimension in the field theory
of this problem.
Unlike an ordinary Luttinger liquid [20], the helical
liquid plus Kondo impurity can be mapped exactly onto
the Kondo problem in an ordinary Fermi liquid, where
the interactions in the QSHE edge generate an effective
anisotropic exchange coupling. In fact a different version
of this mapping was noted [21] before the helical liquid
was understood to arise in physical systems. This re-
markable property of the QSHE edge enables us to solve
exactly the absorption problem at low energy. In the
same regime realized in existing experiments with Fermi
liquids, we find that the absorption spectrum shows a
power-law tail with an exponent given by the Luttinger
parameter, thus providing a direct measurement of inter-
action strength in helical liquids.
Physical setup We start with the description of the
Quantum Spin Hall edge as a helical liquid (HL) with
counterpropagating modes with opposite spins along
some axis, with forward scattering interactions [6, 7]
HHL(x) = Ψ† (−ivFσz∂x) Ψ + gψ†↑ψ↑ψ†↓ψ↓, (1)
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FIG. 1: Physical setup: the photon absorption of a quantum
dot implements a quantum quench of the tunneling between
the dot and a helical liquid. The Luttinger liquid properties
of the helical liquid can be read off from the low energy part
of the absorption spectrum.
with Ψ(x) = (ψ↑ ψ↓)
T
a two-dimensional spinor. We
consider interactions at the edge only and ignore bulk
interactions that would lead to more exotic behav-
iors [22, 23]. Single-particle backscattering terms that
would open a gap in the Luttinger liquid are not allowed
by time-reversal symmetry. Following [1, 24], this HL
is tunnel-coupled to a semiconductor quantum dot (QD)
whose charge state is controlled by an external gate volt-
age Vg. This gate voltage can be tuned such that the
topmost occupied level h (“valence level”) lies far below
the Fermi energy, so that it can be considered as oc-
cupied. On the other hand, the conduction level d can
be considered as unoccupied initially. We then apply a
circularly polarized light beam (say with polarization ↑)
with frequency ω. This will excite an electron with spin ↑
from the valence level h into the conduction level d, thus
leaving a positively charged hole behind with spin ↓ in
the h level (see [1, 2, 25] for a related protocol in the case
of a dot coupled to a Fermi reservoir). This effectively in-
duces an attractive Coulomb interaction Ueh between the
excited electron and the hole – this can also be thought
of as the energy difference between the state with both d
and h levels occupied (with Coulomb repulsion between
the electrons), and the state with only the d level occu-
pied. This hole is assumed to be stable and static com-
pared to the other time scales of the problem. Let d†σ and
h†σ be the electron/hole creation operators in the d and
h levels, respectively. The quantum dot/light interaction
is thus described by HL ∝
(
d†↑h
†
↓e
−iωt + h.c.
)
.
Anderson impurity model. The relevant part of the
Hamiltonian of the quantum dot is then given by Hdot =
Und↑n
d
↓ + dn
d + hn
h − Uehndnh, with ndσ = d†σdσ,
nhσ = h
†
σhσ, and n
d/h =
∑
σ n
d/h
σ . All the energies are
measured with respect to the Fermi energy F = 0 and
are positive. The energy cost for creating a hole in the
h level h is assumed to be very large (compared to the
bulk gap), so the h level can be considered as occupied
initially – i.e., before the light perturbation is turned on.
The hole degree of freedom will be integrated out in the
following but it is important to keep track of it in order
to trigger the quantum quench. Finally, the tunneling
between the HL and the QD reads
Ht = γ
∑
σ
(
d†σψσ(0) + h.c.
)
. (2)
This gives a (bare) hybridization width Γ = γ2piρ0 to
the d level, where ρ0 is the density of states (per spin)
of the helical liquid. In the following, we will neglect
the two-particle backscattering by the impurity. The full
Hamiltonian is H = HHL + Hdot + Ht where HHL =∫
dxHHL. We remark that even if the two modes of the
helical edge are not fully spin polarized, the coupling to
the impurity in the Anderson Hamiltonian will have the
same form [28].
We have assumed that d does not depend on the
spin of the d electrons, which can be achieved by
adding a term that accounts for an applied bias on
the HL. Let us hence assign a different chemical po-
tential ±V/2 to the right- and left-moving electrons
HV = −V2
∫
dx
(
ψ†↑ψ↑ − ψ†↓ψ↓
)
. Because the total num-
ber of electrons with a given spin is conserved by the
Hamiltonian, this term can be replaced by an effective
magnetic field acting on the dot, thereby inducing an ef-
fective Zeeman splitting ↑↓d = d ± V2 . In the following,
we will assume that this bias term is tuned such that
↑d = 
↓
d = d. A genuine magnetic field (except along the
z axis) would open a gap in the HL.
Absorption spectrum and Loschmidt echo. We remark
that the Hamiltonian conserves nhσ, so we can easily in-
tegrate out the hole degree of freedom. Using Fermi’s
golden rule, the absorption spectrum of the photons can
be expressed as
A(ω) = κ
∑
m,l
ρim | f 〈l| d†↑ |m〉i|2 δ
(
ω − (Efl − Eim)
)
,
(3)
where κ is a proportionality constant that will depend
on the precise experimental setup. The labels α = i, f
correspond to the initial and final Hamiltonians
Hα = HHL+Ht+Un
d
↑n
d
↓+dn
d+δα,f
(
h − Uehnd
)
, (4)
with Hα |n〉α = Eαn |n〉α, and ρim =
〈
m|ρi|m〉 =
1
Z e
−Eim/T is the initial thermal density matrix of the
system. With the parameters described previously (in
3particular, d, U  Γ), the d level can initially be con-
sidered as completely empty and decoupled from the he-
lical liquid, and the absorption of the photon induces an
effective quantum quench of the tunneling between the
dot and the helical liquid. We can thus write the eigen-
states of Hi as product states over the helical liquid and
the unoccupied dot |m〉i ' |m〉HL ⊗ |0〉d. The quantity
P (ω) = κ−1A(ω) then corresponds to the distribution of
the work done during a quantum quench [26, 27] starting
from a decoupled HL at temperature T (supposed to be
smaller than all the other energy scales) and a QD in the
state |↑〉d, with the quench corresponding to suddenly
turning on the tunneling between the helical liquid and
the dot (see Fig. 1). The Fourier transform of the work
distribution is known [26] as the Loschmidt echo
G(t) = 〈eiHite−iHf t〉i (5)
where 〈. . . 〉i refers to a thermal average over the initial
density matrix ρi =
e−Hi/T
Zi
, with the dot in the state
|↑〉d. We shall show in the following that the large time
behavior of this Loschmidt echo can be computed exactly.
From Anderson to Kondo. Because we are dealing
with a strongly interacting many-body problem, the real-
time dynamics of the system after the quantum quench is
extremely complicated, and is controlled by several dif-
ferent energy scales. In what follows, we will restrict
ourselves initially to the particle-hole symmetric case
d − Ueh = −U2 of the Anderson impurity model, and
consider the case Γ <∼ U/2. We will also shift the frequen-
cies by ω0 = E
f
0 − Ei0, the groundstate energy difference
between Hi and Hf , which corresponds to the minimal
work needed at zero temperature to perform the quan-
tum quench (ω0 ∼ h −U/2). Let us assume that we are
in a frequency regime such that T, ν = ω − ω0  U , so
that one can effectively integrate out the charge degrees
of freedom on the dot to go from the Anderson prob-
lem to a reduced Kondo setup [29] – although the initial
quantum dot setup is crucial to trigger physically the
quantum quench using optical absorption. The resulting
effective Hamiltonian density at low energy is [13, 14]
Hfeff = HHL + δ(x)J ~S.
(
Ψ†
~σ
2
Ψ
)
, (6)
with ~S =
∑
σσ′ d
†
σ
~τσσ′
2 dσ′ the local spin on the dot.
(There is no potential scattering term induced at the
symmetric point.) In terms of the Anderson model pa-
rameters, the bare Kondo coupling reads J = 8γ
2
U at
the particle-hole symmetric point. This tunneling term
should be considered energy-dependent and will be renor-
malized by the interactions in the HL. We also point out
that the coupling to the effective Kondo impurity remains
isotropic even in the presence of spin-orbit coupling [30]
(see also [13, 14, 28]).
Bosonization. To proceed, we bosonize the HL elec-
trons by introducing ψ↑↓ = 1√2pi e
±i√4piφ↑↓ . Using
standard bosonization formulas, one obtains a (spin-
less) Luttinger liquid Hamiltonian for the HL HHL =
v
2
∫
dx
[
Π2 + (∂xΦ)
2
]
where we have introduced the non-
chiral boson Φ = (φ↑ + φ↓)/
√
K, and its dual θ =√
K(φ↑ − φ↓) with Π = −∂xθ. The renormalized ve-
locity reads v =
√
v2F − (g/2pi)2, and the Luttinger liq-
uid parameter is given by K =
√
vF− g2pi
vF+
g
2pi
< 1. Us-
ing standard canonical transformations and taking the
scaling limit, the bosonized form of the Kondo inter-
action is J4pi
(
e−i
√
4piKΦ(0)S+ + h.c.
)
, mixing right and
left-movers Φ = φR + φL. This Hamiltonian is purely
chiral in terms of the left-moving fields ϕe/o(x) =
(φL(x)± φR(−x)) /
√
2 [31, 32]. The odd boson then de-
couples, while the chiral Hamiltonian for ϕ ≡ ϕe reads
Hfeff =
∫
dx(∂xϕ)
2 +
J
4pi
(
e−i
√
8piKϕ(0)S+ + h.c.
)
. (7)
This is the bosonized form of the one-channel anisotropic
Kondo effect in a Fermi liquid. Put differently, the Kondo
problem in a helical liquid can be mapped onto the usual
Kondo effect in a Fermi liquid, but the Coulomb inter-
actions in the HL induce an effective anisotropy in the
Kondo coupling after this transformation [21]. This map-
ping is due to the unique nature of the HL, and does
not apply to the case of a Kondo impurity in the usual
spinful Luttinger liquid [20]. It is worth pointing out
at this point that up to another canonical transforma-
tion, eq. (7) is related to the Interacting Resonant Level
Model, a problem that has attracted a lot of attention
recently due to the development of exact methods out of
equilibrium [33–35].
Low energy Kondo physics. The impurity perturba-
tion has dimension h = K, so it is always relevant for
repulsive Coulomb interactions. At lowest-order, the
Kondo temperature reads TK ∝ J1/(1−K). A more pre-
cise form of the Kondo temperature in our problem is
given by [13, 21]
TK = D exp
(
−piU
8Γ
arcsinhξ
ξ
)
, (8)
with D the bandwidth and ξ =
√(
1 + piU8Γ (1−K)
)2 − 1
the Coulomb-induced anisotropy parameter. We expect
this formula to be valid only at low energy compared to
the dot Coulomb interaction U . In the absence of inter-
action in the QSH helical liquid (K = 1), one recovers
the well-known form of the Kondo temperature in the
Anderson/Kondo problem. We will focus on the low-
temperature regime T, ν  TK that is appropriate for
the existing experiments with Fermi liquid leads. In the
crossover regime where T, ν are comparable to TK but
still less than U , numerical renormalization group meth-
ods might be useful to obtain the intermediate behavior.
Zero temperature edge singularity. In the zero tem-
perature limit T = 0, there is no energy scale remaining
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FIG. 2: Absorption spectrum (work distribution) in the
Kondo regime T, ν = ω − ω0  TK computed from BCFT
(with K = 1/4 in this example). Inset: finite-temperature
smearing of the edge singularity.
in the problem so we can tackle this low energy (large
time t  T−1K ) limit using Boundary Conformal Field
Theory (BCFT). Folding the chiral anisotropic Kondo
Hamiltonian (7), the Kondo impurity then becomes a
boundary condition on a non-chiral boson. At low energy,
this flows to a conformally invariant boundary condition
and the Loschmidt echo can be argued to be related to the
two-point function of a boundary condition changing op-
erator (BCC) [36] (see also [37]). This operator ϕ ≡ ϕi→f
has dimension hBCC =
K
4 so we recover the δ↑↓ = ±pi2
phase shifts of the electrons in the usual case of noninter-
acting leads (K = 1) as 14 =
1
2
(
δ↑
pi
)2
+ 12
(
δ↓
pi
)2
[31, 38],
while the value for K = 12 can be interpreted as twice the
dimension of the spin operator in the Ising model [36].
The Loschmidt echo thus behaves as G(t) ∼ t−K/2 at
large time. In terms of the absorption spectrum, this
means that we expect the following edge singularity
A(ω) ∝
ω−ω0TK
1
TK
θ(ω − ω0)
(
ω − ω0
TK
)K/2−1
. (9)
The low energy part of the absorption spectrum thus
contains a clear signature of the Luttinger physics of the
HL, very different from what one would obtain in the
case of an ordinary (spinful) Luttinger liquid [20]. For
K = 1, one recovers the (ω − ω0)−1/2 behavior observed
experimentally for a Fermi liquid reservoir [2].
Finite temperature crossover. At non-zero tempera-
ture T  TK , the Loschmidt echo can still be thought
of as a two-point function of BCC operators. Indeed, in-
troducing ϕ† = ϕf→i with the normalization ϕ†ϕ = 1,
one can recast (5) as G(t) = 〈ϕ†(t)ϕ(0)〉i, where the time
evolution is performed with the initial Hamiltonian Hi.
This finite temperature two-point function can readily be
computed using a conformal mapping
G(t) ∝
tT−1K
(
piT
sin ipiT t
)−K/2
, (10)
with TK playing the role of a UV cutoff. The absorp-
tion spectrum can then be obtained by Fourier transform
(see Fig. 2). The edge singularity (9) is smeared at finite
temperature, so it is important to work in the regime
T  ν  TK to have the power-law behavior (9). How-
ever, we emphasize that as long as T  TK , the full finite
temperature crossover is captured by CFT, providing a
wider frequency range to measure the exponent K. In
that low energy regime, the finite temperature absorp-
tion spectrum could also be used to test non-equilibrium
fluctuation theorems [39].
Discussion. Our proposal to measure the interaction
strength along the QSHE edge using optical absorption
requires one to work in the Kondo regime ν = ω−ω0, T 
TK  U . For estimated (Hg,Cd)Te QD and HL param-
eters U ∼ 10 meV, Γ ∼ 1 meV and D ∼ 10 meV, one
finds TK ∼ 2− 10 K depending on the Luttinger param-
eter K, with larger values of TK corresponding to strong
Coulomb interactions. The Luttinger liquid nature of
the helical liquid thus makes it easier to reach the Kondo
regime (large TK with TK  U), which was already ac-
cessed experimentally for a Fermi liquid reservoir [2]. For
the temperatures used in the (Hg,Cd)Te quantum well
experiment [10], one expects to have T/TK ∼ 0.01−0.003
so that the low energy BCFT results should hold. To
our knowledge few-electron quantum dots have not yet
been created in this material, so it may be more practi-
cal to use InAs/GaSb quantum wells [11], in which the
QSHE also survives to higher temperatures. Although
we have derived eq. (9) at the particle-hole symmetric
point d − Ueh = −U2 , we expect this formula to remain
valid whenever the dot is approximately occupied by one
electron only [1], in part because potential scattering
terms ψ(0)†↑ψ(0)↓+ h.c. that would change the exponent
in eq. (9) are not allowed by time-reversal symmetry.
Our results suggest that optical absorption could be a
reasonable alternative to transport in order to probe the
edge physics of topological phases of matter. It would
be interesting to see whether similar quantum dot setups
could provide new insights on the physics of topological
Kondo systems [40], or help in probing Majorana modes
at the edge of topological superconductors [41].
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6Supplementary material
ANDERSON HAMILTONIAN FOR A NON FULLY SPIN-POLARIZED HELICAL LIQUID
A natural question about the Hamiltonian used in the main text is whether errors might be induced by writing
the quantum spin Hall edge as spin-polarized along some direction, with right-moving electrons having spin up and
left-moving electrons having spin down. It is often emphasized that the quantum spin Hall edge survives even when
no spin direction is conserved, and that the edge should be viewed as a “Kramers pair” of states conjugate under the
time-reversal operation. This supplement reviews what it means to say that the edge does not have a well-defined spin
direction, and why in principle that could lead to a reduction in the tunneling amplitude γ, although the Hamiltonian
will still have the same form.
In practice, the degree of spin polarization at the quantum spin Hall edge is thought to be high, and γ is usually
taken as a measured quantity rather than computed theoretically, but the considerations here may be useful for other
problems. First, it is simple to show that the form of the Hamiltonian remains correct even if the edge is not made
up of spin eigenstates. Consider the action of the tunneling Hamiltonian that takes the low-lying right-moving state
into some superposition in the two-level system made of the spin states of one electron on the dot:
HR = ψR(0)(γ1d
†
↑ + γ2d
†
↓) + h.c. (11)
The action of the tunneling Hamiltonian on the left-moving state is then obtained by acting with the time-reversal
operation:
HL = ψL(0)(−γ∗2d†↑ + γ∗1d†↓) + h.c. (12)
where we have used the convention that the time-reversal operator is Θ = iσyK, with K denoting complex conjugation.
Then an SU(2) unitary transformation of spin basis on the dot(
d˜†↑
d˜†↓
)
=
1
γ
(
γ1 γ2
−γ∗2 γ∗1
)(
d†↑
d†↓
)
. (13)
gives the form assumed in the main text, with γ =
√|γ1|2 + |γ2|2:
Htun = HL +HR = γψR(0)d˜
†
↑ + γψL(0)d˜
†
↓ + h.c. (14)
The tunneling term thus remains the same. It is also easy to see that even though the interaction term on the dot
Un↑n↓ is not invariant under the transformation (13), the additional terms can be readily absorbed by a redefinition
of d. Therefore, the full Hamiltonian has exactly the same form if the helical edge is not fully spin-polarized, albeit
with (slightly) renormalized coefficients. In particular, the coupling to the effective magnetic impurity in the Kondo
limit remains isotropic even in the presence of spin-orbit coupling. A similar conclusion was reached in [30] in a
different language.
PHYSICAL PICTURE OF THE REDUCED-SPIN-POLARIZATION PHENOMENON
This result seems perhaps counterintuitive if the edge is not fully spin-polarized: the dot with one electron is a
two-level system and hence can be interpreted as a maximally polarized spin-half state along some direction. To
give a physical picture of what is the “rotated” spin basis on the dot when the edge state is not a spin eigenstate to
start with, it may be simplest to work with a simple example of a non-spin-polarized Bloch state and think about
a photoemission or tunneling experiment. Consider for simplicity the following (not yet normalized) Bloch state of
crystal momentum zero, obtained by superposing a spin-up Gaussian centered on locations x = na, n ∈ Z, with a
spin-down Gaussian cented on sites x = (n+ 1/2)a:
|ψ〉 =
∞∑
n=−∞
(
1√
2piσ2
e−(x−na)
2/(2σ2)| ↑〉+ 1√
2piσ2
e−(x−na−a/2)
2/(2σ2)| ↓〉
)
. (15)
7As σ → ∞, this becomes the uniform state with k = 0 and spin state | ↑〉 + | ↓〉, i.e., perfectly polarized along
the + xˆ spin direction. However, at finite σ the expansion of the above wavefunction over plane waves (momentum
eigenstates), as would be detected in an idealized photoemission experiment, becomes more interesting: the expansion
of the above wavefunction in plane waves is
|ψ〉 = C
n=∞∑
n=−∞
e−σ
2n2/(2a2)einx/a (| ↑〉+ (−1)n| ↓〉) , (16)
where C is a normalization constant. We see that the plane-wave expansion now includes all momenta differing from
the crystal momentum (zero) by a reciprocal lattice vector, and that plane waves with odd n are spin-polarized along
−xˆ. The absolute normalization can be set by letting C = 1 at σ =∞ (a single plane wave appears). Then, |ψ〉 will
be consistently normalized for all σ if
C−2 =
n=∞∑
n=−∞
e−σ
2n2/(a2) = θ3(0, e
−σ2/a2). (17)
Now the meaning of the statement that this state is not spin-polarized is evident: while |ψ〉 is a pure quantum state,
it involves multiple momenta, and consequently a measurement that only probes spin will give probabilities consistent
with a mixed spin state rather than a pure spin state. (In modern parlance the state shows “entanglement” between
the spin and momentum Hilbert spaces.) The average spin along the x direction is
C2
n=∞∑
n=−∞
(−1)ne−n2σ2/a2 = θ3(0, e
−4σ2/a2)− θ2(0, e−4σ2/a2)
θ3(0, e−σ
2/a2)
, (18)
which drops from 1 at σ = ∞, to 0.17 at σ = a, to zero at σ = 0. The average of a measurement in the other spin
directions is always zero, proving that (except at σ =∞ where only a single momentum state is involved) the spin is
not fully polarized if momentum is not resolved.
The tunneling problem above can now be analyzed similarly and shows the same effect. To start with, assume
that the fundamental tunneling is spin-independent: then the magnitude of the effective tunneling strength γ to the
dot can be reduced if the different momenta contained in the Bloch state interfere destructively because they tunnel
into the dot with opposite spin directions. If the tunneling has its own spin-orbit coupling, then the details of this
interference will be modified depending on the specific momentum dependence of the spin direction induced in the
tunneling. To summarize, the incomplete spin polarization in a Bloch state can reduce the total tunneling matrix
element γ, but the form of the Hamiltonian in the main text remains valid, and the reduction of γ is only expected
to be large if the spin polarization of the edge state is small, which is not believed to be the case for (Hg,Cd)Te.
